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5 A3 Jlaniad il Gul ) sSUig 36 &) o

d* = (a.—ejz =a’—2-q-e+é

(st psind)

ook sl (S 2 Al aa () ) Sy o

& =h+d

15530 0 (538 -l (s ped (5 phlan 43 ) 530 )) 50 (e )
C=b—e+a’-2-a-e+ef=a’+b —-2.qa-¢

e , ankathet
oSy == (——————) A Jsboas
b “Hypotenuse

€ = bICDSnf&\J‘\SwYLﬁJd
Ao A Y e 02 3 Py S gl gliaiy

¢ =a’*+b —2-a-b-cosy

Ay
G SHsegral 2 o 4l s ¢ ABCuasSon »
a=49cm,

b= 28 cm
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sl s Mg B assS
bP=a"4+c*—2-a-c-cosf3

2-{1.-c-ccns_ﬁ=a.2—|—c2—bz

_ a®+c? -0 (49cm)*+ (3,5cm)? — (2,8cm)?
cos 3 = = . - — = 0,83
' 2-a-c 2-49cm-3,5cm '

8=34°

ssd o (ela by S5 a5 o

0 ad]

sin A = opp cos A = adJ

11}"13 h}p
sin A opp 1 hyp
tan A = cos A  adj sec A = cos A adj

A dj 1 hv

CO‘EA=CF'S =£ csc A = — zﬂ
sin 4 opp sind  opp

4 g1 90 8 39 3SCommon formular

sl (ol Shis SPythagorean identities
. 2 2

sin“ 4 +cos”A=1

1 +tan® A =sec’ A

14+cot® A =csc® A
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o 5ialS G gaS gl 0550 3Sum and difference identities
sin(A 4 B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B — sin Asin B

tan A +tan B

tan(A 4+ B) =
an(4+ 5) 1 —tan Atan B

sin(A — B) =sin Acos B — cos Asin B
cos(A — B) =cos Acos B +sin Asin B

tan A — tan B

tan(A — B) =
an ) 1+ tan Atan B

eSS miss onl 2 092 Double-angle identities

sin24 = 2sin Acos A
1 —tan? A
c0s24 =cos’ A —sin A =2cos’ A —1=1-2sin’ A = #
14tan® A
2tan A 2cot A 2

tan2A4 = - —
1 —tan’4 cot?A—-1 cotAd—tanA

(o 53aiS i oS o 3 Half-angle identities

A /1—cosA
sin — = £/ ————
I

A |1+ cosA

ms§=iv 5
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A I;'l —cos A sin 4 1 —cos A

tan —
2

=:I:V l+cosA 14+cosA  sinA

List of trigonometric identities <ol A 5aiS So i ¢ 6K 55 2

@ s S ailaai pRe 550,
oA (Y 4 (o ¢ gt AT S 45

AL S i 5 S

AR VP

Js 0 zisSoes

A5 LIS (S yia 8 68 5
¢ b O 4
oY Aoy Sin
) xS JsS
Sy g K
Qah i S gl g el

alia

SNPAPAPYY) AR PPY
(528

The unit circle
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4isaiNotation

¢ Ol S Ol 5 a8 U L — S e 51880 5 gl Jse - b ainSd s o
s u¥ 4g ol (Jsail o es )b el CilSs oS el ¢ Caiadli € ¢ Caiails
@ s IS plasS ) Gl (Al (S

54 Aoy (SIN(X)) T2 A o2 ISy sinT(X) S S arcsin(x)
-3 5uDefinitions

cos(r) = sin (r + g)

sin(r) t(z) = cos(r) 1
cos(r) O = sin(r)  tan(r)

tan(r) =

. Periodicity, symmetry, and shiftso sty o) s e gms ¢ 404 815 4350 B
@GS Jal ol (S0 s 8 (- a0 4
Adna 80 49 m B Periodicity

) (S e )en 2 4saa S ) 48 5 il oS il ¢ Gl oS ¢ ol
( op J\)S\J

sin(r) = sin(xr 4+ 2kw)
cos(r) = cos(r + 2km)
sec(r) = sec(r + 2kT)

csc(r) = csc(r + 2km)

(oo b S ) b adaa S8 45 i Caiadl £ ¢ Caiadls
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tan(r) = tan(x + kr)
cot(r) = cot(xr + km)

& A4 Symmetry

i duS Y ASd ¢ (g yla gam ol 53 5LISES S yia g3 680 5 D
ddpeiVax ->nm—X b X— X X— /2 —X

sin(—z) = —sin(z),  sin (f —z) =cos(z), sin(r—z)= sin(z)
cos(—x) = cos(z), cos(j—=z)=sin(z), cos(m —x)=—cos(z)
tan(—z) = —tan(z), tan(} —z)=cot(x), tan(r —x)= —tan(x)
cot(—z) = —cot(z), cot (2 —z) =tan(z), cot(r — )= —cot(z)
sec{—z) = sec(r), sec(§—=x)=csc(z), sec(m —z)=—sec(z)
csc(—x) = —csefz),  csc(§—2) =sec(z),  csc(m—1x)= csc(x)
W08y sl W2 S oy

sin (z+ Z) = cos(z), sin (x + 7) = —sin(x)
cos (xr + %) = —sin(x), cos(x+ T)= —cos(x)
tan (r + ) = —cot(z), tan(z+ 7)== tan(z)

cot (x+ §) = —tan(x), cot(z+m)= cot(x)
sec (z+ §) = —csc(x) sec(x + 7) = —sec(x)
csc (z+ I) = sec(x), csc(x + m) = —csc(x)

Pythagorean identities () siS (sl )5Sty

23 Anad il ) oSUw 3 Culy (522

_sin?lfr:] + cos’(z) =1



(c) ketabton.com: The Digital Library

i 43l | g€ ) g a8 7 YA

Angle sum and difference identities (! 5aiS H S ol Gy 3z <2
sin(x + y) = sin(x) cos(y) + cos(x)sin(y)

S sl asd Al Qi i A4y aaiigilh ) o) seS s

cos(x £ y) = cos(x) cos(y) F sin(z)sin(y)

Gl gl Al sl e siegy Al S agals

tan(z) + tan(y)
1 F tan(z)tan(y)

tan(r + y) =

Double-angle formulae Jsa N sia o 93 gigS 3

valdadl n=223 55 oY Al st aise ) sSiy s s, X =y 4S

2tan(r)
1 + tan?(z)

sin(2r) = 2sin(r)cos(zr) =

1 — tan*(z
cos(2z) = cos*(x) — sin*(z) = 2cos’(2) — 1 = 1 — 2sin?(z) = %
an’(x

2tan(r)
1 — tan®(x)

tan(2r) =

cot{r) — tan(x)
2

cot(2r) =

Jsad @i sSasi 3Half-angle formular
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5 1 :
cos (i) =+ ¥ costz) cos(x)

2 2
i ({) _ 4 1 — cos(z)
: 2
. ~
o (E) _ sin(z/2) _ n /1 —cosz 1)
2 cos(x/2) V1+cosz :

w\);ﬂ\ﬁﬁ.ﬁ}jcg&dicy 1+cosx o L;.J.:\)!&_A.A}\L;JJLULQ &MY@QJJ‘\S

s adedl e

(1—cosz)(l+cosz) 1 —cos’x

ran (5) ZiJ (1+cosx)(1l+cosx) _:I:J (1+cosr)?

sin r

" l14cosr

o) Seghdie e T—cosx A (V) s naSa8sias 54

2 (1+cosz)(l—cosz) (1 —cos? x)
_1l—coszx

- sinr

159 ol il 0 43 ol g i sSani

o (:r) sin(r)  1- cos(:r:)-

2/ 11 cos(x)  sin(z)
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sin(r) =

1+ 194

Product-to-sum identities ) siadS 43 06835 9 Ja 3

cos(r—y)+cos(r+y)

cos (r)cos (y) = 5

cos(r —y)—cos(r+y)
2

sin(r —y)+sin(r+ y)
2

sin (r) sin (y) =

sin(r)cos(y) =

Sum-to-product identities (sl x) (Hsiais A3 Ja -9 -0 58k 2

AP S (X=Y)/2 ol y (x+y)/2 el x 2as
(3
2

cos(r) 4 cos(y) = 2cos

—|—t~o

sin(x) + sin(y) = 2sin

(5
(I

X

cos(r) —cos(y) = —2sin (

4+ b2

o=

\-\'H_l-"’"-

e,

=
.-""_"“‘\f"_'“‘\.-""_"“‘\

H

b

R

S’

sin(r) — sin(y ) = 2 cos (I——;Ef) sin

Pl gHdabgsaimiS i nafaz o Xy, 48
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as=if ¥+ y + 2z =« = half circle, , ;oL g Kas
sl b sitan X + tan y + tan z = tanx.tany.tanz

and sin(2r) 4 sin(2y) 4 sin(2z) = 4 sin(z) sin(y) sin( z).
s 4y S 5 6 50 STrigonometric conversions

S A ol s (SIS (SO e 53580 5 2 QS S Sie 51 S0 8

2y sl 45;45J“;.degSLhJQaJE\¢JY4ﬂg\ﬁ.\&‘\ﬁ&éﬁg\wb v
G Ay 2 arey sl ¢ s S5 Sl s (s 2 SIS S yie 6K 5
sl wa Sl parcy(X)) s o y@arcy(x)) =X o> s
vedeldl b 2 s sl agx e pES

o) S Al Ao )il ysa (od 638 Jysi Y Al s 1Y 2 Ai sl ge 8 ol
53 g Jean a4

cot sec csc Tan cos sin o\wy
: 1

r-—1 T
z 1—22 2 V1_ 22 V-2 g sin
r 1 r? —1 1

V31422 T s V1422 T V1—-1* Cos

1 JI— x

T r?—1 r? —1 T T v1—22 Tan
1+ 22 T 1 1
T T rt—1 V14 2 T 1—1x2 sec

1 t V1-2?

1
T r?—1 rr—1 T V1 —z? T cot
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] X530 b gSai ) 5 iasisS 7 Y\ Y
sin0 = sinl® = 0 = cos90° = cos @)
sin (2) = sin30° = 1/2 = cos60° = cos(Z)
sin G) = sin4h® = x/ﬁ/? = cos4h® = cos G)
sin (Z) = sin60° = +/3/2 = cos30° = cos(Z)
sin L%) = sin9%0° = 1 = cos0® = cos0

skl g s Bl s

(0 41
ms(g)=m536°=ﬁj— = /2

T Vh—-1 -1 1
in|-—]=sin18" = = =
511 (:U]) s 1 9 2tp

Geometric proofs(<isd) 4l s Sa g

D sin(x +y) = sin(x) cos(y) + cos(x) sin(y)

DS Voo XS S od i 4y
E = 52 Y ES gheadd n ABC 550

. v e24d n ACD o580 JmsS )Y
Y s CEs Ns563LAB s DG iy
. - w2 S e 45 AB
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=S ACE ==sBAC = Angle x
EG=BC. s CDE=x

sin(r +y)

_ DG
AD
_ EG+DE
AD
_ BC+DE
 AD
_BC  DE
=AD" 4D
_BC_AC+DE_CD
~ AD AC ' AD €D
_BC_AC+DE_CD
" AC AD ' CD AD

= sin(r)cos(y) 4 cos(x) sin(y).

cos(Xx +y) = cos(x) cos(y) — sin(x) sin(y)

Using the above figure: sla) JIS 43X (5,8 43 513

cos(z +y)
_AG
~ AD

_ AB-GB
~ AD
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_ Wy gSai ) s iasisS 7 YV¥

_AB EC
 AD AD
_AB AC EC CD
~ AD AC  AD CD
AB AC EC CD
AC AD CD AD

= cos(x)cos(y) — sin(x) sin(y).

ggu siglsa B cos(Xx —Y) S sin(x—y) 3

COS(X +Y) 248 ¢S Jygedbuaigdgajdo)ll sin(x—y) s cos(x—y) 2
S aisleasdo )l sin(x —y)

sin(x —y) = sin(x) cos(y) — cos(x) sin(y)

SN S S sy gl y o S osin(X+y) dsodagas

sin(r 4+ (—y)) = sin(x) cos(—y) 4+ cos(x) sin(—y).
S 55 g 458 0 ) ali (b oS sle g (b (o AR CSE 2 AS
sin(r —y) = sin(x)cos(y) — cos(x)sin(y ).

cos(x —y) = cos(x) cos(y) + sin(x) sin(y)

SAS 3y Y B h y A SCos(xty)  dsasd Aiss 4y yse

cos(r 4+ (—y)) = cos(x) cos(—y) — sin(x) sin(—y).
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- Yio gl b w8 ) 5 Sesi S 7
}JJ\J‘GU.&Y}}‘LﬁJMJMaﬁU&M}S}\aJ};QﬁM @MA&&_\SEJAS
cos(r — y) = cos(r)cos(y) + sin(z)sin(y).

i 5) g b S S Uy S e S 5 DL

A S e s csiglsa B S A gl laad co )l o jadi 3 (piSaEas S 1y o sliai S o
sad sl J sl A maily a2 sesS A an) s Jaen(O ) 2 (48
o S g 4 gl e 8 (2 (S ) sl (Sl B o QS (4] 5 0

SIN(X+Y) =SIN X.COS Y+ COS X.SIN @;..veevvverrrreereene (6,19)
COS(X+Y) = COS X.COS Y-+SIN X.SIN Y .eorverereerreernens (6,20)
SIN2X = 2SIN X.COS X;COS 2X = COSZX —SIN2X; .eeevvrrrriiineenens (6,21)
tan(xiy) = onxteny .o (6.22)
l+tanx.tany
sinx+siny=23inX;y.cosX;y; ........................... (6,23)
sin x—siny:2cosx+y.sin X—Y.
2 2
X+ —
COX+COSY = 2COSTy.COST; .............................. (6,24)
. X+Y . X-—
COSX—COSy =-2sIn > Y .sin > Y

ﬁ\.ﬁg}é&ﬁ&ﬁ‘ﬁggd‘\z\@&}i‘aJaMJ&JJSM@_AoﬁM‘;}@)S:\J\L‘SJJ
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_ Wy gSai ) s iasisS 7 Y §

Y LAl

Cos(x+) = cosx.cosy —sinx.siny

Nox Yoy aScbagl sl S opesd . F b,
¥ =x+y o)

é\)ﬁ&‘}]&@ddﬂbﬁd

2abcosN =a?+b2-c*, a=p’+h? b =¢ +h?, c*=(qt+py
= p*+h? +¢? +h? -(qtpy,
== pz +hcz +qz +hc2 _qz _qu _pz

oai Y axs  2abcosY = 2h2-2qp W
cos Y =hz2/ab -qp/ ab = (Wa).(/b) -(q/b).(p/a),
cos Y = cosy, .cosy, - siny, . sin’Y;
Cos(x+ty) = cos X .cosy - sinx . siny
EER NI PPENLEN
2 e 5w g PGy ) i 3 (o a9 45 S AT (50 AL B8 4 s 4l el
(S i SE L SIS 43 ) 5 98 l 5l ) L (3

&odb&@d@d\é\\.}ﬁjgﬁ‘ﬂ— VWP sy
a) y:sin(a-%)+sin(a+%)

,odﬁq‘j)\(aiL}-ﬁo)u@di‘}[Jt“g\@.@(o}ﬁ\ﬁ)&\}wdﬁ(*v.?)L__gd

14 b3 T i3
oO—F+0+- o—"—0—r
2 sin 4 3 4 -COS s ) - 25inacos(—%) =2 sin O. COS % ;




(c) ketabton.com: The Digital Library

A3l | gSai ) a8 7

ﬁsina

Soay YT o>l

b) y=cos(%x+n)

ey (Y. 7)0

cos(%x+1t) = cos%x-cosn—sin%xsinn.

cost=—1,sint=0

&\)ﬁw‘)}}icgd @\J

Ly = cos(%x+1t) =—-cos%x.

‘";\de‘y@w;d‘jwjgmwjdw\ (\?_?)J ‘\E@:ﬂ.acgé

. ) sin%:,’—l%osa, 0<o<2m,
g;“d}}uugsﬁ

cos (7 + o) =—cos oL ist.

QWQQ})Q\J.}\\G.?&:}.}

cos oL = cosz%—sinz% { =cas2iign2 e
200 200 20 20
1_(:Osm_‘/cos 5 Fsin® 3 (cos 5 —sin 2)
d 2 - 2
2sin2 &
= 2 - |sin-q =sing (wegen 0 <o <2m).
2 2 2
Mﬂ)m ¢ ¢
4_3,;5\5\,«;{ S LA o iy — )
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(g2 Lﬁ}‘z
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iy s I _I
1.1.2.a) ] b) 12 c) 21t+2 d=n 3
1.1.3.a) 4,24° b) 70,9° c) 31°17' 20" d) 228,1923°
1.1.4.a) 5,19 b) 0,22 c) 2,31 d) 1

Sasops €=117cm sla=45cm,b=122cmal 3,55 5 — ¥ . )
fa 3 w)lSs SSapess 3 5168 1o s s s
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— "o Al s ogles s oy elis
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a)X =47,15° , b)ex =-390°, ¢c)x=7,784, d)x =13,195
2455 sinB=a,cosB=a,tanB=a,cotB=a 35 B &:,f— ¥ .
a) a=0,8290, b)a=-0,2907,c) a=-2,145,d) a= 0,8660
(M o5 ISy Ly 15 g Wl 5 (03 (S ool &) (o3 s 03]
Pt o g Sy LY
gopolan 5 U3 (V=900 )i s 4=V ¥

a=5cm, c=12ecm (o . a=3cm,b=4cm ( &

-

-

f sino,c080¢ ,tanac, cotx a5 gl oS
o34 sl A28 g0 S50 a5 (Y =90° )égiﬂubh’ﬁf.ﬁ) -Y.¥
HED (pAshan 4T 00 ) 55-‘3:3 ¢ ey a3l (g
a) a=50cm, b)a=40cm, c)b=70cm, d) ¢=65cm
b=78,1cm o =43°36¢ £ = 18°5%' B=59°2¢9
éﬁj)Jéiﬁddawéjuéqu'MJ‘ h,A! gumiy-VY. V¥
{a=b ,«=8) 4;}_¢|J|uﬁdjg‘,’.’l.4

¢=130cm < =47,8°, = 33,3° ¥ =48,2°
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8 /f//// 4 w25 ey BolA (S (@

w2 05 o dd g gy (55 Ay 4o
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G 8y spdn b aS) o Yy

ap 7
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a) sina:%«/—f b)cosa:% ) tan o= +/3 d) coto.=—+/3
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i YYY 43 L gSai S ) a8 7

iy Gl glise g - Y 0

52.1.2) 1 +tan2 o= —> b) 1+ cot2 o= —5
cosZ o sin? o
0.
¢)coso-Vl+tanZo =1 d)1+2005a=4c0525—1
o fl—cosa o _ ,1+cosa
5.2.2.a) sin 5~ g b) cos > =\ 2
o _ l—coso o _l+coso
) @5 = Gna d) coty = gna
5.2.3.a) sin 3ot =3 sin o. — 4 sin3 o b) cos 30.=4 cos3 0. — 3 cos 0.
3tano.—tan3 o cot>a—3cota
l Y e iy
¢) tan 3o -3 anid d) cot 3c v
5.2.4.2) cos 20.= cos? oo —sin? o b) cos 20 = cosZ o — 4 sinz% cos2%
_q maadOh e 9Ol _1-tan’c
c) cos 20.=1—8sin 5 €057 d) cos 2o \ttanZo

5.2.5.a) sin O.- COS O.- cOS 20. = %sin 4o

__cos2c

- = —(cos o+ sin O)
sino.— cosO.

b)
: : 2. L 4m.
¢) sin o, + sin (0. + 3 ) + sin (oL + 3 )=0

d) sin2 (31 — o) + sin? (6,57 + o) = 1
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S A4S ved s adiailag s S Al yis S e A s July e 4da
x2+1=0¢& x2=-1 (7,1)

L) (S o il )41 (o oS Jul A8 R g5 89 ad gl p Al ysas
Ao Sdsseom Sy (7,1) whaddgad sglada

Xl:\/—_l,xzz—\/—_l .......... (7,2)
i:\/—_]_ Jdﬂy\dcé}ﬁﬁbdﬁJjan&g‘F}]J@cQS \/—__']_J

2i2= -1 gl o s oS JSU
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